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Thick Walled Cylinders - Applications

~YASSEET Thick-walled cylinders see wide use in a
Sh

. » number of challenging applications in the
engineering, oil and gas, structural,
petrochemical, nuclear and pressure vessel
industries. The thick walls offer increased
resistance to pressure or aggressive media, a
key concern for operators within these
sectors.
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THIN AND THICK CYLINDERS

INTRODUCTION:

In many engineering applications, cylinders are frequently
used for transporting or storing of liquids, gases or fluids.
Eg: Pipes, Boilers, storage tanks etc.

These cylinders are subjected to fluid pressures. When a
cylinder is subjected to a internal pressure, at any point on the
cylinder wall, three types of stresses are induced on three
mutually perpendicular planes.

They are,



1. Hoop or Circumferential Stress (o) — This is directed along the
tangent to the circumference and tensile in nature. Thus, there
will be increase in diameter.

2. Longitudinal Stress (o, ) — This stress is directed along the
length of the cylinder. This is also tensile in nature and tends
to increase the length.

3. Radial pressure ( p, ) — It Is compressive in nature,
Its magnitude is equal to fluid pressure on the inside wall and
zero on the outer wall if it Is open to atmosphere.
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Element on the cylinder
wall subjected to these
three stresses




THICK WALLED CYLINDERS



INTRODUCTION:

The thickness of the cylinder is large compared to that of thin
cylinder.

l. e., In case of thick cylinders, the metal thickness ‘t’ Is more
than ‘d/20°, where ‘d’ is the internal diameter of the cylinder.

Magnitude of radial stress (p,) Is large, and hence it cannot be
neglected. The circumferential stress iIs also not uniform across the
cylinder wall. The radial stress Is compressive In nature, and
circumferential and longitudinal stresses are tensile In nature.
Radial stress and circumferential stresses are computed by using

‘Lame’s equations’.



LAME’S EQUATIONS (Theory):
ASSUMPTIONS:

1. Plane sections of the cylinder normal to its axis remain plane and normal even under
pressure.

2. Longitudinal stress (o, ) and longitudinal strain (g, ) remain constant throughout the
thickness of the wall.

3. Since, longitudinal stress (o, ) and longitudinal strain
(¢.) are constant, it follows that the difference in the
magnitude of hoop stress and radial stress (p,) at any

point on the cylinder wall is a constant.

4. The material is homogeneous, isotropic, and elastic i.e. obeys Hooke’s law (stresses

are within proportionality limit).



LAME’S EQUATIONS FOR RADIAL PRESSURE AND

CIRCUMFERENTIAL STRESS

Consider a thick cylinder of external radius r, and internal radius
r,, containing a fluid under pressure ‘p’ as shown 1n the fig.
Let ‘L’ be the length of the cylinder.



External
pressure

Consider an elemental ring of radius ‘r’ and thickness ‘0,” as shown in the above
figures. Let p, and (p,+ 6p,) be the intensities of radial pressures at inner and

outer faces of the ring.




Consider the longitudinal
section XX of the ring as
shown In the fig.

The bursting force Is

the projected area,
‘2xrxL’ for the inner face
and ‘2x(r+o,)xL’ for the
outer face . p,+op,

The Net Bursting Force, P = p,x2xrxL - (p,+3dp,)x2x(r+9,)xL
=(-pyx 8, - rxdp; - 8p, x &) 2L
Bursting force is resisted by the hoop tensile force developing at the
level of the strip I.e.,
F=0.%x2 %3 xL



Thus, for equilibrium, P = F,
(-p,* O, - rxop,- op, x 9,) 2L = o x2xd XL
-Prx or - rxop,- op, X o, = ¢ Xor

Neglecting products of small quantities, (i.e., dp, X or)

g, = |2L_ x—+‘(&—constant
U E U ETNE
g, = GEL E (o, —p,) = constant

since o, E and p are constants, (o, — P,) should be constant . Let it
be equal to 2a. Thus



From (1)’ pr+ 2a = - Py — (rX 6pr) / 8r

pr+ pr +2a=— (rx 6pr)/gr

& 2(pr+a):-r><5pf
N, |
23t H ©

Integrating, (-2 xlog,r) + c = log, (p, + a)
Where c Is constant of integration. Let it be taken as log, b, where ‘b’
IS another constant.

Thus, log, (p,+a) = -2 xlog, r + log, b = - log, r?+ log. b = log, %
r



109, (p+a) = log, ©

(Compressive)

Substituting it in equation 2, we get

=pr+2a=£—a+2a

Hoop stress, o "

c

Circumferial Stress, 6, = (Tensile)

The equations (4) & (5) are known as “Lame’s Equations™ for radial
pressure and hoop stress at any specified point on the cylinder wall.
Thus, r;<r <r,.
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ANALYSIS FOR LONGITUDINAL STRESS

_______________________________________________________________________________________

le L q
: : " : :
Consider a transverse section near the end wall as shown in the fig.

Bursting force, P =mxr,2xp

Resisting force 1s due to longitudinal stress ‘G | .
For equilibrium, F =P

2_r 2)= 2
G | X T X(r;%-1,%)= T XI,"%p o

Therefore, longitudinal stress, |8 Eeae o (Tensile)

—




Important Points:

1. Variations of Hoop stress and Radial stress are parabolic across
the cylinder wall.

2. At the inner edge, the stresses are maximum.

3. The value of ‘Permissible or Maximum Hoop Stress’ is to be
considered on the inner edge.

4. The maximum shear stress (o,.,,) and Hoop, Longitudinal and
radial strains (g, g, €,) are calculated as in thin cylinder but

separately for inner and outer edges.

Engr. Shad Muhammad, Lecturer, Department of Civil Engineering, COMSATS University, Sahiwal.




Analysis Problem

ILLUSTRATIVE PROBLEMS

PROBLEM

A thick cylindrical pipe of external diameter 300mm and internal
diameter 200mm is subjected to an internal fluid pressure of 20N/mm?
and external pressure of 5 N/mm?. Determine the maximum hoop
stress developed and draw the variation of hoop stress and radial
stress across the thickness. Show at least four points for each case.

SOLUTION:

External diameter = 300mm. m=) External radius, r,=150mm.
Internal diameter = 200mm. == Internal radius, r,=100mm.

Lame’s equations: b
For Hoop stress, o.=—+a ... (1)

For radial stress, P.=——-8 .o (2)




Boundary conditions:
At r =100mm (on the inner face), radial pressure = 20N/mm?

: b
1.e., 20= —A e, 3
1007 ©)
Similarly, at r =150mm (on the outer face), radial pressure = 5SN/mm?
: b
l.e., 5= —Q e, 4
1507 @)

Solving equations (3) & (4), weget a=7, b=2,70,000.

~2,70,000

c 2

I
2,70,000
P = . =

Lame’s equations are, for Hoop stress, c +7 e, ©)

For radial stress,




Hoop Stresses will always be tensile.
Radial Stresses will always be compressive.

To draw variations of Hoop stress & Radial stress :

At r =100mm (on the inner face),

Hoop stress, o, = Z’IO’OOO +7 = 34 MPa (Tensile)

02
Radial stress, p, = 2’186200 —7 = 20 MPa (Comp)
Atr=120mm,
Hoop stress, o, = 2’106200 +7 = 25.75MPa (Tensik)
Radial stress, p, = 2’1260200 —7=11.75 MPa (Comp)
At r=135mm,
Hoop stress, o, = Z’IO;;OO +7 = 21.81MPa (Tensile)
2,70,000

Radial stress, p, = —7 = 7.81MPa (Comp)

135°



At r =150mm,
Hoop stress, o, = 2’706200 +7 = 19 MPa (Tensile)
Radial stress, p, = 2’;260200 — 7= 5MPa (Comp)

34MPa

20MPa
19MPa
SMPa

Variation of Hoop
Stress-Tensile
(Parabolic)

Variation of Radial
Stress —Comp
(Parabolic)

re=1950mm

Variation of Hoop stress & Radial stress



PROBLEM

Design Problem

Find the thickness of the metal required for a thick cylindrical shell of
internal diameter 160mm to withstand an internal pressure of 8 N/mm?.
The maximum hoop stress in the section is not to exceed 35 N/mm?.

SOLUTION:

Internal radius, r,=80mm.

Lame's equations are,

for Hoop Stress, 6, =

for Radial stress, p, =

b+a
2

ba
2




Boundary conditions are,
atr =80mm, radial stress p, =8 N/mm?,

and Hoop stress, 6. =35 N/mm?. (.- Hoop stress is max on inner face)

' b
" B=———a e, 3
802 ©)
35- L 4q @)
802 ..................

Solving equations (3) & (4), we get a =13.5, b =1,37,600.

. Lame's equations are, o, = 1’37’2600 +13.5 .. (5)
r

and p, = 1’37’2600 -135 ............ ©
r




On the outer face, pressure = 0.
Le., p, =0atr=r,.

1,37,600
— 2
I

r, =100.96mm.

0 —-13.5

Thickness of the metal =r, -r,
= 20.96mm.




Analysis Problem

PROBLEM

A thick cylindrical pipe of outside diameter 300mm and internal
diameter 200mm is subjected to an internal fluid pressure of 14 N/mm?.
Determine the maximum hoop stress developed in the cross section.
What is the percentage error if the maximum hoop stress is calculated
by the equations for thin cylinder?

SOLUTION:

Internal radius, r,=100mm. External radius, r;=150mm

Lame’s equations:

For Hoop stress, o,=—+a ... (1)

For radial pressure, p, =£2—a ......... (2)




Boundary conditions:

At x =100mm P. = 14N/mm?
b
l.e., 1l4= —Q e 1
100° @
Similarly, at x =150mm P.=0
b
l.e., = —A e 2
0 )

Solving, equations (1) & (2), we get a=11.2, b=2,52,000.

22,500

I,.2

.. Lame' s equation for Hoop stress, o, = +11.2 ............ ®)




Max hoop stress on the inner face (where x=100mm):

10
By thin cylinder formula, 5 = pxd
2xt

where D =200mm, t =50mm and p =14MPa.

- 14x200

2x50

= 28MPa.

. O o

Percentage error = (36?;46 _428) x100 = 23.08%.




PROBLEM

The principal stresses at the inner edge of a cylindrical shell are

81.88 MPa (T) and 40MPa (C). The internal diameter of the
cylinder is 180mm and the length is 1.5m. The longitudinal
stress i1s 21.93 MPa (T). Find,

(I) Max shear stress at the inner edge.

(i) Change in internal diameter.

(ii1) Change in length.

(iv) Change in volume.

Take E=200 GPa and p=0.3.

SOLUTION:

) Max shear stress on the inner face :
o.-p, 81.88-(-40)

Trrax: =
2 2

= 60.94 MPa




) Change in inner diameter :
od o, p K

— X -—XO
d E E PTEC
~ 81.88 0.3 20 . 2103
= 200x 105 200 x 103~ (740~ 300 103 X (21.93)
— 4365x 104
od = 4+0.078mm.
i) Change in Length :

ol o K

— =—-"—-XpP, -—XO

L E E PTE*%
_ 2098 03 0 03 g4

200x10° 200x10 200x10

—46.83x10°
ol =+0.070mm.




Iv) Change in volume :
8V _3l_, ad

+2X —
V L D

=9.198 x104

2
SV =9.198><10'4><(n><180 gl

4
=35.11x10% mm?3.

)




Analysis Problem

PROBLEM

Find the max internal pressure that can be allowed into a thick pipe of
outer diameter of 300mm and inner diameter of 200mm so that tensile
stress in the metal does not exceed 16 MPa if, (i) there iIs no external
fluid pressure, (i) there is a fluid pressure of 4.2 MPa.

SOLUTION:

External radius, r,=150mm.
Internal radius, r,=100mm.

Case (i) — When there is no external fluid pressure:

Boundary conditions:
At r=100mm , 6, = 16N/mm?

At r=150mm,P,=0



b
1.e., 16 = A i 1
100° 1)
b
= — A e 2
1507 @)

Solvingwe get, a = 492 & b=110.77x10°

3
so that GC:110'772X10 +4.92 . ©)
r
3
p, = 0TAY hop . (4)

r

Fluid pressure on the inner face where r =100mm,

~110.77x10°

J — _4.92-6.16 MPa.
100




Case (i11) — When there Is an external fluid pressure of 4.2 MPa:

Boundary conditions:
At r=100mm , 6.= 16 N/mm?
At r=150mm , p,= 4.2 MPa.

€, 16t (1)
4.2 = 15%2 — A e 2)
Solvingwe get, a = 2.01 & b=139.85x103
sothat o, = 139.8r2><103 +2.01 ., ©)
D, = 139'852X103 “2.01 e, (4)

I



Fluid pressure on the inner face where r =100mm,

~ 139.85x10°

P, ——2.01=11.97/5 MPa.
100




PROBLEMS FOR PRACTICE

A pipe of 150mm internal diameter with the metal thickness of 50mm
transmits water under a pressure of 6 MPa. Calculate the maximum
and minimum intensities of circumferential stresses induced.

(Ans: 12.75 MPa, 6.75 MPa)

Determine maximum and minimum hoop stresses across the section
of a pipe of 400mm internal diameter and 100mm thick when a fluid
under a pressure of 8N/mm? is admitted. Sketch also the radial
pressure and hoop stress distributions across the thickness.
(Ans: Bl ..=20.8 N/mm? & . =12.8 N/mm?)

A thick cylinder with external diameter 240mm and internal diameter
‘D’ Is subjected to an external pressure of 50 MPa. Determine the
diameter ‘D’ if the maximum hoop stress in the cylinder is not to
exceed 200 MPa. (Ans: 169.7 mm)



A thick cylinder of 1m inside diameter and 7m long is subjected to an
Internal fluid pressure of 40 MPa. Determine the thickness of the
cylinder if the maximum shear stress in the cylinder iIs not to exceed
65 MPa. What will be the increase in the volume of the cylinder?
E=200 GPa, n=0.3. (Ans: t=306.2mm, 6v=5.47x10-m3)

A thick cylinder iIs subjected to both internal and external pressure.
The internal diameter of the cylinder is 150mm and the external
diameter is 200mm. If the maximum permissible stress in the cylinder
is 20 N/mm? and external radial pressure is 4 N/mm?, determine the
Intensity of internal radial pressure. (Ans: 10.72 N/mm?)
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